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In this short note, we will give a short introdcution to a physical model - the
Ising model - that plays a pivotal role in understanding the deep connections between
statistical physics, thermodynamics and neuronal networks.

The Ising model (see for instance [2] and [3] for excellent accounts) was proposed
by W. Lenz and first analysed in detail by E. Ising in his dissertation (of which [4]
is a summary) to explain ferromagnetic behavior. In Isings model, a solid, like a
piece of iron, is composed of a large number N of individual particles, each of them
at a fixed location. A particle acts as a magnetic dipole that can be oriented in two
different ways, corresponding to the different orientations of its spin. Ignoring the
spatial structure for the time being, we can thus describe the state of the model as
a point in the state space

S = {−1, 1}N

We denote the elements of the state space by s ∈ S and the i-th spin by si ∈ {−1, 1}
where a value of +1 is interpreted as ”spin up” and a value of −1 as ”spin down”.

Now, in general, a magnetic dipole which is exposed to a magnetic field B and
has a magnetic dipole moment m will have a potential energy

E = −m ·B

which is the scalar product of m and B, i.e. the state of minimum energy is the
one where the dipole is oriented along the magnetic field. In a solid, there are two
sources for the magnetic field that act on each particle - there might be an external
magnetic field H and there might be an interaction with the other magnetic dipoles
in the model. We therefore model the total energy of a state s as

E(s) = −1

2

∑
i,j

Jijsisj −
∑
j

hjsj

where Jii = 0 (i.e. we exclude self-interactions).
The coefficient hj represents an external field acting on the particle at position

j and the matrix Jij represents the interactions between the particles. In Isings
original model, the assumption was that only nearby particles interact, i.e. that
there is a relation N between the particles and that

Jpq =

{
J (p, q) ∈ N
0 otherwise

(1)

with a constant J > 0. The relation N is determined by the geometry of the model.
In a one-dimensional model, i is only related to i−1 and i+1, in a two-dimensional
model, each particle has only four direct neighbors and so on. In addition, the
coefficients hj are often chosen to be a constant H. We will, however, consider the
more general model, hoping that the reader has already recognized that this is the
energy function for a Hopfield network, where hj is the bias and Jpq is the weight
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matrix. Here all signs of Jpq are allowed, which corresponds to the case of a physical
system known as spin glass.

We now consider the system as being in contact with a heat bath at a certain
temperature T , i.e. the system can exchange internal energy with a heat reservoir,
leading to fluctuations in the orientations of the particles. The probability for the
system to be in a state s is therefore given by the Boltzmann distribution:

P (s) =
1

Z
e−βE(s)

The macroscopic quantities that are of primary interest are of course the average
energy, but also the magnetization

M =
1

N

∑
i

si

and its average value. At high temperatures and for H = 0, we expect that roughly
half of the spins should be oriented in either direction, so the average magnetization
should be zero. If we add an external field, then of course most of the dipoles will
be aligned in the direction of this field, so the magnetization will be close to one
or minus one. This fact - magnetization of a solid in the presence of an external
magnetic field - is called paramagnetism. It turns out that for some materials, a
non-zero magnetization can occur even if the external field is zero, as long as the
temperature is below a certain value called the critical temperature - this behavior
is known as ferromagnetism. Explaining this macroscopic behavior by a statistical
model was the original intention of Isings work.

Obviously, the size 2N of the state space makes an enumeration of all states
impossible, so we need a different approach in order to calculate the magnetization.
As this is a statistical model, a Monte Carlo simulation using a Metropolis-Hastings
algorithm appears to be an appropriate approach. Exploiting the fact that our state
space is a product of N single particle state spaces, it also seems reasonable to use a
variable-at-a-time version of the algorithm, where we randomly select one variable
at a time and perform an update only for this variable.

We know that the success of a Metropolis-Hastings sampler is to a large extent
determined by the choice of the proposal distribution. To simulate Ising models, a
special choice has become popular that is known as the Gibbs sampler.

To introduce this sampling method, assume that, in a more general setting, we
are given a finite state space which is a direct product

X = X1 × · · · × XN

When we apply a variable-at-a-time Metropolis-Hastings algorithm, we need to find,
for each value of y, a proposal distribution q(x, y) on Xi. The idea of the Gibbs
sampling algorithm is to use the conditional probabilities

P (xi|{xj}j 6=i)

of each variable xi conditional on fixed values for the other variables. Let us calcu-
late the acceptance probability α when using this distribution. Suppose our Markov
chain is at a point

x = (x1, . . . , xn)

The probability to propose a point

y = (x1, . . . , xi−1, yi, xi+1, . . . , xn)

is then
q(x, y) = P (yi|{xj}j 6=i)
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Similarly,
q(y, x) = P (xi|{xj}j 6=i)

The numerator in the Metropolis-Hasting acceptance probability is therefore

P (y)q(y, x) = P (y)
P (x)

P ({xj}j 6=i)

and the denominator is

P (x)q(x, y) = P (x)
P (y)

P ({xj}j 6=i)

which is the same. Therefore the acceptance probability is one, and we will accept
every proposal.

Combining this with the random choice of the coordinate i for which we do an
update, this now gives us the following Gibbs sampling algorithm. We start with
some point x ∈ X . We then pick a coordinate i randomly and draw a new value x′i
from the one-dimensional conditional distribution

P (xi|{xj}j 6=i)

Then we update xi to x′i and continue with the next randomly chosen coordinate.
We have seen that a Gibbs sampler is a special case of a Metropolis-Hastings

algorithm, and most of the theoretical considerations available for the Metropolis-
Hastings algorithm apply for this special case as well. We will not go further into
detail, but refer the reader to e.g. [1] section 7.1 for convergence conditions.

This method is particularly useful if the conditional distribution is easy to cal-
culate and easy to sample. To apply this to our Ising model, we therefore need to
calculate this distribution.

So suppose that the system is in a state s, and pick some position i. Let s+
i

denote the state which is equal to s in all positions j 6= i and equal to +1 at position
i:

s+
i = (s1, . . . , si−1, 1, si+1, . . . , sn)

Similarly, let
s−i = (s1, . . . , si−1,−1, si+1, . . . , sn)

Let us calculate the ratio between the probabilities for s+
i and s−i that we call p:

p =
P (s+

i )

P (s−i )
=
e−βE(s+i )

e−βE(s−i )
= e−β(E(s+i )−E(s−i ) = e−β∆E

where we have defined
∆E = E(s+

i )− E(s−i )

To calculate this difference, it is useful to express the energy as

E = −1

2
〈s, Js〉 − 〈h, s〉

using the scalar product in RN . If we let ∆s = s+
i − s

−
i , then

< ∆s, J∆s >= 2Jii = 0

as ∆s is two times the unit vector in direction i and we did assume that there are
no self-interactions. Thus we can write

〈s+
i , Js

+
i 〉 = 〈s−i , Js

−
i 〉+ 2〈∆s, Js−i 〈= 〈s

−
i , Js

−
i 〉+ 4〈Ji, s〉
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where Ji is the i-th row of J . Similarly,

〈h, s+
i 〉 = 〈h,∆s〉+ 〈h, s−i 〉 = 2hi + 〈h, s−i 〉

Putting this together, we obtain

∆E = −2(〈Ji, s〉+ hi)

and therefore

ln p = 2β(〈Ji, s〉+ hi) (2)

If we impose the additional restriction - that we have not used so far - that each
particle only interacts with nearest neighbors, then the sum 〈Ji, s〉 reduces to one
term for each nearest neighbor, and the calculation of the ratio p becomes particu-
larly simple. We can now easily express the conditional probabilities in terms of p.
In fact

P (si = 1|{sj}j 6=i) =
P (s+

i )

P ({sj}j 6=i)

=
P (s+

i )

P (s+
i ) + P (s−i )

=
p

1 + p

=
1

1 + eβ∆E
= σ(−β∆E)

where again σ is the sigmoid function that we have already studied in the context
of the logistic regression model. We thus find that

P (si = 1|{sj}j 6=i) = σ(2β(〈Ji, s〉+ hi)) (3)

Thus to sample from the Boltzmann distribution, we can proceed as follows. We
start with some state s. In each steps, we pick a coordinate at random. We then
calculate the conditional probability P in (3) and draw a value U from a uniform
distribution. If U ≤ P , we set the spin at position i to +1, otherwise we set the
spin to −1. We then proceed with the next randomly chosen location.

Let us now look at a few simulation results for one- and two-dimensional Ising
models. We will assume that the interaction is of the form in (1) with J = 1, and
in the simulations, we have set kB = 1. The one dimensional case can actually be
solved exactly (see [2]) and one finds that the average energy is given by

〈E〉 = U = −N tanhβ

so that

var(E) = −∂U
∂β

= N
∂

∂β
tanhβ = N(1− tanh(β)2)

This results hold if so-called free boundary conditions are used, i.e. if the spins as
i = 0 and i = N−1 do only have one neighbor. We see that the energy increases with
the temperature, as expected. In addition, the variance is zero for the limit T → 0,
i.e. in this case, the system will be ”frozen” once it has reached its equilibrium
state. For higher temperatures, the variance goes up and scales with the number of
particles for large values of T .

How do the spins align in a simulation? Diagram 1 shows the results of a simu-
lation run with N = 50 particles in one dimension, using free boundary conditions.
Simulations were done for temperatures between T = 8.0 to T = 0.2, using steps
of ∆T = 0.2 downwards. The system was first initialized to a random state, and
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Figure 1: 1-D Ising chain simulation results

then the result of a run was used as a starting point for the next run with a lower
temperature (a procedure which is sometimes called simulated annealing). For each
temperature, 100.000 simulation steps were executed. After each simulation run,
the resulting orientation of the dipoles was plotted in one line, where a white pixel
is ”spin down” and a black pixel is ”spin up”

We see that at low temperatures (the lower lines in the diagram), the system
settles in a state where all spins are either upwards or downwards oriented. This
is clearly the lowest possible value of the energy. For higher temperatures, we see
fluctuations aways from this stable point, and some spins point upwards while others
point downwards.

Figure 2: 1-D Ising model simulation results

In diagram 2, we see the sampled values for the energy and the variance of the
energy from the same simulation run. The diagram on the left hand side shows
the energy in blue for different temperatures, while the theoretical value has been
added in yellow. Both graphs nearly overlap, so the simulation reproduces the the-
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oretical prediction nicely. On the right hand side, we see the variance as simulated
in blue and the theoretical value in yellow. The result from the simulation is con-
sistently higher than the theoretical prediction, indicating an additional variance
due to the simulation itself, but converges towards the theoretical value for higher
temperatures.

The situation is different in two dimensions. Diagram 3 displays the result of a
simulation of a 2-dimensional Ising model with a grid of 40x40 spin locations, using
the same algorithm as before. Again, the temperature was slowly decreased from
6.0 down to 0.2 in steps of 0.2. For each temperature, 4 million simulation steps
were done, then the resulting grid was captured. The top row represents, from the
left to the right, the temperatures 6.0, 5.8, 5.6, 5.4 and 5.2. Here we see the expected
behaviour - patterns with roughly half of the particles in a spin-up position and half
of the particles in a spin-down orientation.

In the bottom row of the diagram, that corresponds to the temperatures 1.0, 0.8,
0.6, 0.4 and 0.2, we also see the expected behavior - all spins are oriented in the same
direction. However, starting at temperatures 1.8, we see that large scale patterns
start to emerge. especially for the temperatures 2. and 2.4 (rightmost pictures in
the fourth row from the top). For these temperatures, entire connected regions
display the same orientation of the spins and thus a non-zero mean magnetization.
As the temperature rises, these patterns dissolve again.

Figure 3: 2D Ising model: emerging pattern
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The temperature range between 1.8 and 2.4 does also display an unusual behav-
ior in plots of mean and variance of the energy, as shown in diagram 4.

Figure 4: 2D Ising model: mean and variance of the energy

We see that the variance is low for small temperatures, but then rises quickly
to a sharp peak at a temperature of ≈ T = 2.2 before it decreases again. So
in this temperature range, we expect to see strong fluctuations around the state
with minimum energy, exactly what we observe in the pattern reproduced above.
At this temperature, individual spins combine into larger pattern and long-range
correlations evolve, leading to magnetization on a macroscopic scale. This is exactly
the type of critical behavior that Ising was looking for and that is absent in one
dimension (ironically, Ising, in his own work, came to the wrong conclusion that
the model would not exhibit this behavior in any dimension, but of course did not
have the power of numerical simulations at his disposal). The temperature where
this happens is called the critical temperature and is predicted to be Tc ≈ 2.27 by
the exact solution of the two-dimensional Ising model in the thermodynamic limit
due to Onsager ([2]), in good accordance with out observations.

It is interesting to print out the average magnetization during such a simulation.
Recall that the average magnetization is the sum

M =
∑
i

〈si〉

Now the Boltzmann distribution is symmetric under the change s → −s. There-
fore the expectation value of any odd function, including all coordinates 〈si〉 and
the magnetization is zero. We would therefore assume that when we record the
magnetization during a simulation run, we get zero.

Interestingly, for low temperatures, this is not what happens. Instead the sys-
tem will be attracted by one of the two possible configurations in which all spins
are pointing in the same direction, and will be trapped in this local minimum. The
reason is that the energy wall between states with almost all spins down and states
with almost all spins up is to steep that it is extremely unlikely to cross it during
the simulation. Thus, for low temperatures, the Markov chain given by the Gibbs
sampler does not really converge, and therefore samples of all functions with odd
components will be biased. Put differently, the state space is effectively not con-
nected and the chain will rarely be able to explore both components of the state
space.
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